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taken for the elementary geometry of the schools has among other things received an extension through numerous theorems upon the circle named after K. W. Feuerbach (1822), upon symmedian lines of a triangle, upon the Grebe point and the Brocard figures (discovered In part by Crelle, 1816 ; again Introduced by Brocard, 1875).*
The theory of regular geometric figures received Its most Important extension at the hands of Gauss, who discovered noteworthy theorems upon the possibility or Impossibility of elementary constructions of regular polygons. (See p. 160.) Polnsot elaborated the theory of the regular polyhedra by publishing his views on the five Platonic bodies and especially upon the "Kepler-Polnsot regular solids of higher class," viz., the four star-polyhedra which are formed from the icosahedron and dodecahedron. These studies were continued by Wiener, Hessel, and Hess, with the removal of certain restrictions, so that a whole series of solids, which In an extended sense may be regarded as regular, may be added to those named above. Corresponding studies for four-dimensional space have been undertaken by Scheffler, Rudel, Stringham, Hoppe, and Schlegel. They have determined that in such a space there exist six regular figures of which the simplest has as Its boundary five tetrahedra. The boundaries of the remaining five fig-
* Lieber, Ueher die Gegenynittellinie^ den Grebe* xken Punkt und den Bro-card'scken Kress, 1886-1888.